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CHA,PTER 2 -POINT DIVISIO~IS--

In this chapter we p;enera1ise the concept of f!roup

...' .."". l .t b . t 1. h . f ul.Vl.S:'..l. 1 Y Y l.n roc,ucln~ t e notion 0 a '!)Olnt (~lV:tSl0n of a

1-structu~e. tve renefine ,~roun divisible ~esi,gns in terms of

point (jivisions, and useful results a.re obtained for ,~roup

divisih1e ~esiq~s usin~ the more ~ener~l n~tion; (see, in

particular, Che.~t~~r 3 below).

In the first section n~int Qivisions 8_re r1_efine~ an'i some

b~sic results are ohtaine1. Section 2.2 mainly consists of

~enera1isati'Jns of Bose 3.n(1 Connor's results for Gn ~esi~ns to

structures ~1mittin~ pni_nt nivisions; the correspon~,in~ results

for GJ') desi,!!ns bein;~ obtained as corollaries to tp.e more genere.1

results.

In. .sectiC1n 2.3 we ,~enerd1ise. SRGry ,1esi~ns to SeJ!'.i-refIu1ar

Point nivisib1e (SRPD) ,1esi.~ns ann an.3.l3.f!ous results are i

obtaineo,; necesse.ry and sufficient conrli tions d.re also ,~iven for

a SRPn ~esi,gn t~ be SRGn.

The fourth section indicates the links het~1een point

...'I . 1 .:1 ...:I f"' 11 . 2 5dlvlslons an'-:. t3.ctl.ca (!ec()mr()S:LtJ.~ns, antl, ..1na y, In .we

.. h ... 1 ...' . t ,.1. ..,.1'.consl.ii,er 2-nesl.~ns ~7 ~se (lua s a(!,m:tt ":')Oln ,_~lv:tSl~ns, .~erlVln~

SQme necessary an:1 sufficient conni tions for a ~.esir;n to be ,~

st~on~ly res~lvable 2-desiQn.

Throu~hout this chapter ~.le ~7i11 assume that ~ is a

1-(v,k,r) structure a.n~ 2 is a 1-(v,k,r) ~esi~n, unless otherwise

statei.

,'~""".,,'"""" "'""," "",." ,~.~..."..~,~,.._,,~"""~~"~~,
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2.1 Definitions and B~sic Results
--

A Point Divisic.n (or just P ~ivisinn) of S, is a partition-
~1'... ,f~ of the points of~, such th~t the connection number of

two o.istinct points from classes P. and? clenends only on the-1. -1 0 -

choice of i an~ j an,i is denoted by A... ~ve will ~lri te ~.
1.J 1.

for lEi!' Then we have the followinp immediate ~eneralisation

of Result 1.4.1(i).

Lero~a 2.1.1 If Ii'. ..,E~l is a point ,1ivisi~n of ~, then

r1
v = I ~... 1 J-

1.=

f, . t d ...,-,' .~ 1.. .. 1 . f -~ ( .
0" po1.n _1.V1.S1.,n 1.S sa1.. to !ie tr1.V1.a 1. -v-,. 1..e.

if every ~oint class cont~ins just one point); ever'! i-structure

e.~mits the trivial ;:)oint nivision. A Constant Lamb~la Point.-,.--

~ivision (or a ~~i',isiorl) of ~ is .~ non-trivial point

nivision with a constant A such that )~.. = A for everv i with1.1. ~

.Q... > 1.
1.

As previously, these ~efinitions are by no means standard.

Ad.hikary, in [1J, calls F1. structure acmittinq a non-trivial

P '"'. ..II G 1 .~ G T'\ ... b I '! .:t B k ( f)-,1.vJ.S1.0n, en'9ra 1.se. rOUT) .'JJ.V1.SJ_- e, anue er see, or
--,'

instance, [8J) introduce~ the term ryoint nivision originally to

descrihe wht:lt we call here a CLP Division.

Using our ter!fij.nolo~'I.J, a Tactical ni vision of 2 is a

tactical c.ecom,osit1.on whose point classes form a CLP nivision. \

A GrOUT) ni.visl.on of S is a CLP nivision such that there exists-
some constant A' (A' :l:A) with A.. =A' for ever', i ,J.(i* J.): andJ.] -' -

then a Gn desir~n is just a 1-desi~n which admits a ~roup nivision.

Since any refj.nem~nt of the partition ~1'..' '~d of a

P nivision also f:>I'r'.S a P )")ivisi.on \.-7e no\-1 introduce the concept

of maximali ty. If ~1'. ..'~;1 is a p nivision of ~, then it is

..,0.,.."",..","",,","" """".~,j"i'i[;'c..;1~IiJ"I!,,iillo;,~



-27-

sai(.1 to be maximal if the onl y P Division of S hav.; n~ P P'-c")..:.1'...'-d

as e. refinement is Ii'... ,fr, itself. Then ~mediately we have:

Lemma2._1,.~ A group ,1ivision is a mc~ximal point aivision.

We now show:

Lemma 2 .1.~ Every i-structure ~ has a uniq.ue maximal

p nivision; (anart from relahellin~ of the.,

point classes).

.!:~ Clearly every i-structure aclmits the trivial P J"',ivision

d r'1 . t . 1 1)~. ..an so a.ffi1 s a maxJ.ma , )1J.vJ.sJ.on.

Suppose ~1'... '~d and Q1'... ,Q~.' are maximal point divisions

of~. Then let ~i,...,Se be the partition of the points of ~

formed by taking a_II the non-emrty intersections of the form

ZinQj ; (1~i~c", i~j~~ ). 31,... '~e is then a refinement of both

£1'... ,.Ed and .Q1'... ,..Qn' and hence is ,;. P nivision .':)f ~.

Suppose ~1'... '~e is not maximal. Then there exists a

p nivision ~1'. ..'~f of ~ ha~lin~ E1'. ..,3e as a refinement, an~

hence the point classes S. consist of unions of classes R. , and
--J. -J

f<e. Every refinement of ~1'. ..'.:?f is a. P ni"ision an~ so

(t'7ithout loss of generalj.ty) we assume that R1UR2 ' R3 ' F"t,...,R
"t -e

is a refinement of ~1'... '~f and hence is a P ~ivision ~f~.

In ad.1ition let R1 = P.('I(). and R2 = P.,i'Q~
--J. ~J --J.-J

Assume i* i' and suppose Ii'... ,Er'1- ha_s connection numbers

A.., (1<i ,j<d). Pick X E Poi ann. Y E R2 and consi~_er any Z E P n
1.J '-)\J

for some Q * i,i'. Since R1 C p. an~ R2 C p., , the c~nnection
---1 ---1

numbers of X,Z and Y,Z are Ai9. anrl Ai' 9. respectively. But

X,Y E B1 U.32 which forms a class of a 7 !")ivision of~, and so

these connection numbers must be the s?~e, i.e. A.n =A., 0 fnr
J.)(, J. '"

n .l.. .,every )(, -toJ.,J. .
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Now supp~.se IP. I > 1 , i. e. su~nose A.. is ~efined. Pick
""1 ;.', 1 .,-~ W E ~i' t~l * X. Then the conne ct ion numbers of X, rN an~ Y, W ~re

Aii and Aii' respectively. But sincc 31 U E2 is a class of a

P nivisian the connection numbers must he equ.3.l, and s(') A.. =A..'.
11 J.1

SiJr.ilarly if I P., I > 1 we see that A.,., = A..' .
'-:1 1 1 J.:1

So the partition of the points of ~ '~ntained from f1'... ,fd

by t~.kin~ the unicn of ~i and fi' ?S one class, an~ leavin~ the

other classes unchanged forms a P [)i vision, contradj_ctin~ the

(issum~tion that ~1'... ,fd is maxim,~l.

Similarly, if tV,) as sume that j * j' , we can deduce thB- t

!l1' ...,Qo' is not rlc'lximfJ,l and again ol,tBi-n a contradiction.

So ~~e have sho~vn that R1 ,...,R is a maximal P nivision of S,--e -

and since it is a refinement of both E1'. ..,.Ed and 9.1'... ,ga' ,

we then have {Ii'... '~d} = {31'... '~e} = {Q1'... ,~,}. t1

~:;;!!!ar~ From J-Iemma 2.1.2 we see that 7l. group division of a

i-structure is unique. As staten ah~ve P nivisi~ns

are clearly not uni.que, (unlcss the only P nivision arlmi tted is

the trivial one)~ but below we shn~-7 that for a certain class of

P ~ivisi.ons, a sirniL':lr resl.1lt to Lemm3. 2.1.2 does hold.

We nnw give SQme elementary combinat~rial identities for

P !)ivisions.

Lemma 2.1.4 Surypnse ~ ao~its a P ~i'vision I1,...,Ed, anc.

let xi'... ,xb he ~.n ~rbi trary labelling ~f the

blocks of S. If si = Ix nx np. 1 then for every i,j (1<i,
-uw u w -J. -

j~d) :-
b .

(i ) \" Sl = r R,. :
.l uu J. .

u=1
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Lemma _2.1.5 Suppose ~ admits a P Division f1'. ..,~ with

connection numbers A.. (1<i,j<d}" and S*J.J ---

admits a P Division B1 ,...,B , lB.! = m. with connection
--c -J J

numbers p.. (1<i,j<e). (We will use this notation throughoutJ.J --

for P Divisions of ~~;.) Then, if xu1'... ,xum is a labelling
u

of the blocks of ~u' and s(~e)(~~f) = Ixu.e 'I xwf i: fil,

d d ..d .
~ ~ A s J. S J + ~ (r-A ) s J.

i~1 j~1 ij (ue)(ue) (wf)(wf) i~1 ii (ue)(wf)

~I 2 2 . f f {r k + (m .-1)p J. u=w,e= I~ u un..c , 2 {
= l m.p. p. + ..I

i 2kp +(n'L -2)p if u=w,e*f -.
.- 1 J Ju Jw ..uu u uu [J -j/

j:f:u ~

j:f:w 12kP +(m -1)p P +(m -1)p P if U:f:w

j~ uw u uu uw w ww uw

Proof SunDose fl. is arl incidence matrix for S associated-_c -
wi th both f1,. ..,fd and ~1'. ..'~c. Then consider the me, trix

identity: (ATA)2 = AT(AAT)A.

~. ml 4 "- m2 ~ ..T
"-

l' 'k i I )
, f k P11! ! I

m1 I '. ! pi' ..1~. I 12 \ I~ ! P11 k, I J'

A T A = l' r---""-rk'pn-t- 1 ~I'
m2 f I k~ t P12 ip22-.k!

i_ ! ' ~ - , ..., -:"---' ~;: I
..J .: I
..j .I. \.:.!., ...I

: : I j! ' , I
i , I ..
\.' .-

u-1 w-l T 2
and so the l m.t + e, l m+ + f entry of (A A)

t=1 t=1 ~
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~

t~
.A

.
J. 

J. 
J. 

j=
1 

J 
J.

.1\ 2
1\ .T

 
d

1. 
~

=
 ( 

r 2.A
.. 

+
 (r-A

. 
.»)i 

.
..

1
J 

J.]
11

J =
 

-
." 

A
T

!
~

,.;_..
)

-1.

iA
 

=
 

ki, 
~

.nd so 
(iA

)P
.i 

T
 =

 
ki.l\i 

T
 

=
 kri, 

and 
(i) 

follow
s.
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(ii) 
Is 

just 
the 

Q
ual 

result 
to 

(i).

(iii) 
B

y Lem
m

a 2.1.5 
:-

d 
d 

.d
~

 
~

 
.J 

.
l 

l 
A

..S
 

1 
S

 
(r-A

. 
.)S

 
1

i=
1

).=
1 

~
J 

(ue)(ue) 
(ue)(ue)+

.L 
~

~
 

(ul~
)(ue)

.1=
1

c 
2 

2 
2

=
 

I 
m

.p. 
+

 
k 

+
 

(m
 

-1)p 
.

j~
1 

J 
Ju 

u 
uu

j*u

S
um

m
ing 

both 
sides 

over 
all 

blocks 
x 

of 
S

, 
w

e 
obtain 

:-
ue 

-

d 
d 

fc 
m

u 
.\

! 
L 

A
../! 

L 
s 

i 
s 

J 
\

i=
1 

j=
1 

1J~
. u=

1 
e=

1 
(ue) 

(ue) 
(ue) 

(ue),.f
"'...m

 
",

d 
(c 

u 
.)

+
 

! 
(r-A

..)
{

L 
L 

S
(

~
)(

)
1

.- 1
~

~
 

_1
_1

ue 
ue 

I
1- 

\. u- 
e- 

.'

c 
c 

22 
c 

2
=

 
! 

m
. 

I 
m

.p.. 
+

 
bk 

+
 

I 
m

. (M
. -1)p.. 

.
.

1
1.

1
J

~
J

.
1

~
 

1. 
~

1
1=

 
J=

 
1=

j*i

U
s5_n~

 Lem
m

a 
2.1.4 

(i) 
and 

(ii) 
w

e 
obtain 

:-

d 
c'\ 

2 
n. 

2 
d 

2 
d 

d
I 

I ~
 .~

 .A
 ..+

 
I 

~
 ( ~

 .-1) 
A

 ..+
r 

I Q
, .A

 ..+
r 

I9, .-r 
L 9. .A

 ..
i=

1 
j=

11 
J 

1J 
i=

11 
1 

~
1 

i=
11 

1~
 

i=
11 

i=
1J- 

11

j:f:i

c 
c 

2 
c 

2 
2

=
! 

Lm
.m

.p.. 
+

 
!m

.(m
.-1)p.. 

+
bk

i=
1 

j=
1 

:1 J 
1J 

i=
1 

~
 

1 
11

j*i

and 
using 

C
orollary 

1.1.2(1) 
and 

Lem
m

a 2.1.1 
, 

(iii) 
follow

s. 
~

R
~

m
ark 

R
esult 

1.4.1 
(ii) 

is 
an 

im
m

edi~
te 

c~
rollary 

of 
(i). 

'
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~~a2.~1. ~ Suppose f1,... '~d is a P Division of ~, and

B1 '.. .,B is a P Divisi~n of S*. Lnbel the--c -
p~ints of p~ : P' 1 '...'P.~ , ann label the blocks ,~f B. :-.~ 1 1.v .- J1 -

XJ.1 '. ., ,x. .Suppose also thc.t there are B. ( .. ) points nf

Jm.~ 1 J l.J .

Pl.' incident ~1ith block x,. of B. an~ Y( . ) ' blocks nf B, incident
-J l. -J 1 s J -J

with point p, ,jf P.. (Note that if P1 ,...,P d and B1 ,...,B 18 -1 c

fnrm a tactical decoffiDosition of S, 8. (.. ) = 8.. and Y ( ' ) = Y..
-1 J l. lJ 18 j lJ

in the notation of Section 1.5, for every t and s,)

Then, for nIl choices of p, ano X' t :-
1S J

d c
l~' ,6 ( '. ) = rD. Y ( ' ) + (k-r+A..-p..)o

1 Ul U J l. 1 WJ lS ~r 11 ] Ju= 1:-1= ..

{ 1 j_f Pis is incident with Xjt "'\

where 0 = r .

" 0 otherwise )

Proof Let ,\ be e.n incidence matrix f~r S a8socj_ated with, -

the P Divisions of ~ and ~*, Consider the matrix identity:

A(ATA) = (AAT)A.

i-1 j-1
The I 9. +s, -I m +t entry of A(f~TA)1 w r..]

w= ~'7= 1

c
= I p .y ( . ) + (k- p ..) 0

w:1 wJ lS \,7 JJ

i-1 j-1 T
an(", the L 9 +8) L In +t entry of (AA )A1 v,7 1 \-'7

w= w:

r1
= f A ,8 ( .. ) + (r-A..)~; ,~nd the Lernm~ follows, ~

u~1 Ul' U J l. ll.
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W
e 

now
 

generalize 
R

esult 
1.4.1 

(iii),(iv) 
to 

obtain

results 
on 

the 
incidence 

m
atrices 

of 
i-structures 

adm
itting

P
 

D
ivisions.

Lem
m

a 
2.1.G

 
S

uppose 
~

 
adm

its 
a 

P
 

D
ivision 

f1,...,fd. 
Let

A
 

be 
an 

incidence 
m

atrix 
for 

S
 

associated 
w

ith

E
1,... 

,fd. 
T

hen 
E

\A
T

 
has 

am
ong 

its 
eigenvalues 

rk 
and

r-A
.. 

(1<
i<

d), 
w

ith 
m

ultiplicities 
at 

least 
1 

and 
£.-1 

(1<
i<

d)

1.1. 
--1. 

--

respectively.

t

P
roof 

B
y 

inspection, 
; 

and 
e 

(1<
u<

v-1; 
u* 

I 
£. 

for 
any 

t)

~
 

-u 
--j=

1 
J

are 
eigenvectors 

of 
A

A
T

 
w

ith 
the 

appropriate 
eigenvalues. 

a

C
orollary 

2.1.9 
S

uppose 
~

 
adm

its 
a 

P
 

D
ivision 

f1,...,fd.

T
hen 

!\T
A

 
(w

here 
A

 
is 

an 
incidence 

m
atrix 

for~
) 

has

am
ong 

its 
eigenvalues:- 

rk, 
r-A

11' 
r-A

22' 
..., 

r-A
dd 

w
ith

m
ultiplicities 

at 
least 

1'£1-1, 
£2-1, 

..., 
£d-1.

P
roof 

S
ince 

D
 

is 
a 

i-design 
r 

>
 

A
.. 

for 
every 

i. 
H

ence,

-1.1.

T
 

T
 

.

1
using 

the 
fact 

that 
f.A

 
and 

A
 

A
 

have 
the 

sam
e 

non-zero 
e1.genva 

ues,

Lem
m

a 
2.1.8 

gives 
the 

C
orollary. 

a

R
esult 

2.1.10 
(A

dhikary, 
[1]) 

S
uppose 

~
 

adm
its 

a 
P

 
D

ivision

P
 

,...,P
d

.Let 
A

 
be 

an 
incidence 

m
atrix 

for~
.

-1 
-

T
hen 

:-

d 
Q

..-1
IA

A
T

I 
=

 
IB

I. 
II 

(r-A
..) 

1. 
, 

w
here 

B
 

=
 

(bi

]') 
is 

a
.

1
1.1.

1.=

dxd 
m

atrix 
w

ith 
b.. 

=
 

£.A
.. 

+
 

0.. 
(r-A

. 
.).

1.J 
J 

1.J 
1.J 

1.1.
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2.2 
G

eneralisations 
of 

som
e ~

esults 
of 

B
ose 

and 
C

onnor=

rile 
nO

T
..] generalise 

several 
~

'1ell-kno~
.Jn 

results 
on 

G
D

 designs

to 
structures 

adm
itting 

a 
P

 D
ivision.

T
heoren 

2.~
.~

 
If 

~
 

adm
its 

a 
point 

division 
~

1'...'fa 
then:-

rl
(i) 

(v-~
.)rk 

>
 

v 
~

 ~
.A

.. 
for 

ever
y

i 
(1<

i<
1); 

~
1ith

1. 
-j~

1 
) 

1.J 
--

j:f=
i

equality 
for 

a 
gi',en 

i, 
if 

and 
only 

if 
every 

block

of 
~

 
contains 

equally 
m

any points 
of 

~
i; 

and

d
(ii) 

If 
d>

 1 
and 

P
. 

is 
such. 

that 
(v-Q

,
1..)rk 

=
 

v 
L 

2.A
.

J., 
-1 

.
1

J
1. 

J=
 

-

j:f=
i

d
then 

1<
.Q

,.<
v, 

r»..., 
and

(
~

 
t.>

...
)

/(v-Q
,.) 

>
 

A
...

1 
1.1. 

j~
1 

J 
1J 

1 
11

j:f=
i

P
roof

(i) 
U

sing 
the 

notation 
of 

Le~
~

a 
2.1.4 

:

h. 
2 

b 
.2 

b. 
2 

2 
2

L 
(s1 

-r~
../b) 

=
 

L 
(s1.) 

-2r9,.( 
L 

S
1 

) Ib 
+

 
r 

9'1.bIb
_

1
uu 

1 
_

1
uu 

1
U- 1

uu
u- 

'1- 
-

=
 

t.2>
'..+

t.(r->
'..)-2r2~

.2/b+
r2~

.2/b 
(bv 

Lem
m

a 2.1.4(i)(ii»
1 

:l.:l. 
1 

11 
1 

1 
.

:: 
9...{v«P

..-1);I 
+

r)-rkQ
,.) 

Iv 
(b" 

C
orollar~

7 
1.1.2(i))

1 
1 

11 
1 

.'

d
=

 
9'-i«v-1.)rk"'v 

L 
9.>

';.) 
(hy 

LeY
m

na 2.1.6(i))
-'- 

1 
j =

 1 
J 

.-J

j*i

ct
L.R

.S
. 

>
 

0 
and 

so 
(v-Q

,.)rk 
>

 
v 

L 
-~

.~
 

-1 
-j=

1J 
1J

j:f=
i

d 
.

(v.-t.)~
k 

=
 

v 
L 

t.A
.. 

if 
and 

only 
if 

S
l 

=
 

rt./b 
for

1 
-.'

1
:1 

1
J

U
U

 
1

J =
 

-

j*i

every 
u, 

and. 
(i) 

follow
s.

_.'"'~
,.,.".,,~

""'
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(ii) 
F

irstly, 
\~

~
i 

since 
d>

1. 
B

y 
assum

ption 
~

,re have:

'1

(v-~
.)rk 

=
 

v.I
1

ry,.A
.., 

an~
 

b~
7 Lem

m
a 

2.1.6(i):
1. 

J=
 

J 
1.1 

.,
.:1: .
).1.

dI 
~

.A
.. 

=
 

r(k-1) 
-(9.-1)A

... 
H

ence 
~

.(rk-vA
..)

j=
1 

J 
3-J 

1. 
1.3- 

1. 
1.1

j*i

=
 

v(r-A
..). 

S
o, 

since 
9, .>

1, 
v(r-A

..) 
=

 
0 

if 
and 

only
1.1 

1- 
1.1.

if 
rk-vA

ii 
=

 
o. 

B
ut 

vr*kr 
and 

hence 
~

~
e al~

-1ays 
h.~

ve

v(r-A
..) 

* 
0 * 

rk-vA
... 

U
sing 

this 
~

~
e have

13- 
11.

~
. 

=
 

(vr-vA
..)/(kr-vA

..) 
>

 1, 
and 

since 
v(r-A

..) 
* 

0,
1. 

3-1 
11. 

1.1.

r>
A

...3-1

d
A

lso 
v 

r 
9..A

.. 
=

 
(v-~

,.)rk
j =

 1 
J 

1.J 
1

j*i

1
=

 
(v-~

.)(r+
(!J".-1)A

.. 
+

 
I 

!I..X
..), 

and 
so

1. 
1. 

1:1.. 
j=

1 
J 

1J

.*.
J 

J.
d

(r-A
..)(v-9,.) 

=
 

!.( 
L 

2.A
..-(v-Q

,.)A
..).

11. 
1 

1 
j=

1 
J 

1.J 
1. 

l1.

j*i

v-£.>
O

, 
and 

so 
the 

L.H
.S

. 
>

 
0 

and 
(ii) 

foll~
~

~
s. 

n
:1..

A
s 

C
orollaries 

~
~

e have 
the 

follo~
ving 

results 
of 

B
ose 

and

C
onnor, 

originall~
, 

stated 
in 

C
hapter 

1.

:)3;esul~
1.4.3 

If 
Q

 is 
G

D
 then 

rk.?:.vA
'

d
P

roof 
F

rom
 

(i) 
above 

: 
(v-~

.)rk 
>

 
v 

l 
~

..X
..

1. 
-j=

1 
J 

1.J

j+
i

B
ut 

for 
a 

G
D

 ::lesi
g

n, 
9,.=

~
, 

A
. .=

A
' 

(i*j). 
n

l 
1J
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~
~

-~
 

!.~
.§ 

If 
2 

is 
G

D
 then 

g 
is 

S
R

G
D

 if 
,~

nd only 
if 

every

block 
is 

incident 
~

rlth 
precisely 

kId 
points 

of

each 
point 

class.

fE
££! 

Q
 is 

S
R

G
D

 if 
and 

only 
if 

rk=
vA

' 
(by 

definition), 
w

~
d

applying 
(i), 

the 
result 

follo~
~

s. 
~

R
esult 

1.4.6 
If 

D
 is 

S
R

G
D

 then 
~

<
A

'
-

P
roof 

Im
m

edi~
te 

from
 

(ii) 
above. 

U

B
ecause 

of 
the 

analagous 
natures 

of 
T

heorem
 

2.2.1 
and

R
esults 

1.4.5 
and 

1.4..6 
r..1e m

ake the 
follow

ing 
definition.

If 
f1,...,E

d 
is 

a 
P

 D
ivision 

of~
, 

then 
~

1""'~
 

is 
said 

to 
be 

a

S
em

i-regul~
r 

P
 D

ivision(S
R

P
D

ivisio~
~

 
if

d
(v-~

.)rk 
=

 
v 

L 
Q

,.A
.. 

for 
every 

i, 
(1<

i<
d). 

A
s 

w
e 

shall 
see

J. 
j =

1 
J 

.1J 
--

j*i

in 
section 

2.3, 
this 

generalizes 
the 

notion 
of 

sem
i-regular

group 
divisibility. 

~
A

1e now
 have 

:-

L~
m

m
a ? 

2.2 
If 

f1,. 
..,E

d 
is 

a 
S

R
P

 D
ivision 

of 
~

 
it 

is 
m

axim
a.l

ann 
hence 

unique.

P
roof 

B
y 

T
heorem

 
2.2.1 

(i), 
if 

11""'2e 
is 

a 
P

 D
ivision

having 
E

1,. 
..,fo. 

~
s 

a 
refinem

ent, 
then 

21"'.'2e 
is 

a 
S

R
P

 D
ivision.

B
~

, Lem
m

a 2.1.6(i) 
and 

the 
definitions 

of 
S

R
P

 D
ivision 

w
e 

see 
that

9,. 
=

 v(r-)... 
)!(rk-vA

..) 
for 

every 
i(1<

i<
~

.), 
j..e. 

the 
size 

of 
a

3- 
1.1. 

1.J. 
--

point 
class 

in 
a 

S
R

P
 D

ivision 
of 

~
 

depends 
on 

the 
connection

num
ber 

of 
tw

o 
points 

,~
ithin 

it. 
H

ence 
{g1"'. 

,2e} 
=

{f1,""~
}.

S
o f1,...,E

d 
is 

m
axim

al, 
and 

hence 
unique 

by 
Lem

m
a 2.1.3. 

n

B
ecause 

of 
Lem

m
a 2.2.2 

w
e 

call 
a 

structure 
adm

itting 
a

S
R

P
 D

ivision, 
S

em
i-regular 

point 
divisible 

(S
R

P
D

), 
and 

if 
E

. is

S
R

P
D

, ~
ve w

ill 
al~

~
ays 

assum
e 

(unless 
othe~

7ise 
stated) 

that
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~1'...'~d ~~ith connection numbers Aij is the SRP Division

associated. ~\1ith S.

Rem~£k Any 2-design admits a P Division "7ith d = 1, and

clearly this is the unj.q.ue SRP Division of c':'. 2-design;

d
(v-ti) = 0 = l t,A;" and so equality holds trivially in

j=1 J ..J
':f: .
J.:1.

Theorem 2.2.1(i).

!h~o£em2. 2._~ Suppose 2 admits a P Division ~1".. '~d.

Then :-

(i) b + d ~ v + 1;

(ii) If ~1'...'~ is a rLP Division and h + d = v + 1, then

2* j.s a 2-(b,r,p) design, where p = k-r+A;

an.d (iii) Suppose there exist constants A1,A2 with Aii =A1 or A2

for every i ~rlth 2i>1 ana. also suppose Q has t~~o

intersection numbers. Then if b + rl = v + 1, ~* is a

PBD(2).

Proof (i) Since D is a 1-desi~n, r>A" for over y i , and
-":':1.1

so, by Lemma 2.1.8, AAT has v-d+1 distinct eigenvectors

\~i th non-zero eigenvalues. So v-d+1 ~ rank AP.T = rank A

~ b; hence (i).

(i.i) If b = v -d + 1, then, hy Corolla.ry 2~1.9, AT A

1'1-as ej.genvalues rk, YI-A11' r-A22'... ,r-Actd with

multiplicities: 1 '~1-1 '~2-1,. ..'~'d-1. Hence if

P1 '...'P 1 is a CLP Division, then ATt~li~ has just one
--c.

eigenvalue: r-A, and so, by Lemma 1.2.4, Q* is a

2-(b,r,p) design and k-p = r-A.
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(iii) As for (ii), if b = v.'d+1, then l'.T!\!iJ..has just two

eigenve.lues: r-A1 an~ r-A2. Hence, since Q* has

tv1o connection num~ers, (j.ij.) follo~1s from Lemma 1.4.11. t{ i

P,ema~k A stronger result than (ii) exists, see Theorem 2.5.7

belo~Y.

Finally, ~~re obtain a bound on the intersection numbers of

certain desig~.s admxting a P Di~Jisj.on, generalizing a result on

SRGD designs due to Saraf, [37J.

Lemma 2. 2. ~ If ~ admits a p ni vision E1,... '~d; then, ~ri th

the notation of Lemma 2.1.4 :-

b c. d .d
I s t Swt = I I A.. si sJ + I (r-A..) si:, for everyt 1 u .. 1 0 1 1 J UU ~~~1 0 J 11 UW- 1- J -.,-

d .
u,~,r (1<u,~1'1<h); where s = I x f')x I = ~ S1 .

--uw u w .L 1 uw
1.=

~roQf Consider the trivial P Division of ~*, and then, by

IJemma 2. 1. 5, ~]e have:-

~,d 0 0 d .b 2 "
I I A.. s:l. sJ + I (r-Ao.)s1 = L s t s.+ + if u = W ~

.-1 .- 1 lJ uu m.J '- 1 11. U~'1 t -1 U ~.~ ,1- J- 1- -.
t4:u i
t*1:'7 I

ks if u * W)Ui-1

The Lemma now follo~1s. ~

1emma 2._~ If ~ ad~its a P Division ~1'... ,Ed' then1 with

the above notation:

b d c1 .0 .

I 1 (sut-Swt)2 = oL1 oI 1Ai Jo (s~us~u-2S~US;I7\"-1+ S~-1S~)
t= J-= J=

d c o 0 o~
+ ~ (r-Ao.) S1 -2S1 +S1 ,

0 L1 1:t, uu U~-1 ~,~'1 oj'
1=

for every u,~~ (1~u,rv~b).

--~



-43-
b 2 b b b

~~ ~ (s ut -s."",) = ~ Sut2 ..2 ~ S .S t + ~ s t2 , and,
t=1 ~'i~ t=1 t=1 u,- r.; t=1 w

applying Lemma. 2.2.4, the result follows.tt

~~eorem 2.2.6- Suppose Q a~ro.its a CLP Divj.sion E1,... ,En'

and, (using the above notation), Xu'X~o1 are
..

two distinct blocks satj_sf y in g S1 = S1 for every i (1<i<d).uu ~.n-1 --

Then s > k-r+A with equality if and only if St = St for
UtJ -u tv

every t (l~t~t."tlu,tlt;J).

f!22f Lem~a 2.2.5 gives :-

b d d ...
~ (8 -s )2 -~ ~ A ( si sJ -2si sJ +si ~J )t~l '" ut t1t -i~l j~l ij uu uu uu rr7W y1T.\1 0;> tV\-1

d + (r-A) ~ (s~ -2S1 +S1,)

. 1 UU Ut,y vn,y
1=

..
= 2Cr-A)(k-s ), since s1 = S1 for everv i.U..-1 uu vn-r ~

b? 2
Hence t~l(sut-Swt)- = 2Cr-A)(k-Su~1)-2(k-Sup7)-

t:f:u
rtw (= 2 sur.7-Ck-r+A»)(k-Suw).

I...H.S. > 0 and k >s , by definition of design.-Ut'7 .

Hence s > (Jc-r+A).UT,oJ -

s = k-r+A if and onlv if R.H.S. = 0, i.e. if and only if
uw J

s t = s for every t. tt
U tv,-
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Theorem 2.~. 5 If f.1,. ..'[d is a SP.P Division of ~, then the

following are equivalent :-

(i) f1,...,Ed is a semi-re~ular group division.

(ii) There exists a constant A such that A.. = A for ever y i;J.l. .

(iii) lEi I = Q, = v!d for every i (1~i~d).

Proof (i) ~ (ii) : By definition.

(ii) -(iii) : From Theorem 2.2.1(ii) :-

.!/, l..= v(r-A..)!(rk-vA..) = v(r-A)!(rk-vA); i.e. ~.. 1.s a
J.l. 1l. l.

constant for every i. Hence~. = via = ~.
-l.

(iii) ~ (i) : By Lemma 2.3.3(i) !:1'... ~~d is a CLP Divj.sion, and

hence a group division; (by Lemma 2.3.3 (ii). Finally

f1'... '~d is semi-regular by Result 1.4.5. n

~emark There do exist SR.P Divisions E1,...,Ect of ~ ~~hich

are not group divisions. See, for exa~ple, Adhikary, r1J, p.81,

example 1.

2.4 Point Divisions and Tactj.cal Decompositions

R.ecall from section 2.1, that a Tactical Division is simply

a Tactical Decomposition whose point classes form a CLP Division.

To study Tactical Divisions we first require the following

com~inatorial identities.

Result 2.4.1 If T(S) is a tactical decomposition of S, then :----
c

(i) ~ y.. = r, for every i (1<i<d);j~1 l.J --

d
(ii) ~ 6.. = k, for every j (1<j<c);i~1 l.J .--

(iii) .!!v.y.. = m.6.., forever', i,j (1<i<d,1<j<c).
J. :LJ J l.)P of 'Y'. .

1 "roo.- ~rl.V1a .
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Lemmas 2.4.2 a.nd2.~.3 anct Theorem 2.~.4 belo\¥ are due to

Beker, [6J; t~e present them here using new proofs based on

results obtained above. The proof of Theore~. 2.4.4 is essentially

the sa~.e as that usect in proving Theorem 1 of Beker, r 5) .

I~emma 2.4.2 Suppose T(S) is a tactical decomposition of S..--
If the point classes of T(f) form a P Division of

~, then:

c
(i) t m B. B. = t.t.A.. + 9,.(r-A..)0.. for every

u=l u ~u Ju ~ J ~J 1 ~~ ~J

i,j (1~i,j~d);

c
(ii) t y. B. =t.A.. + (r-A..)c5.. for every i,j (1<i,j<d);u=1 1U JU J ~J ~1 1J --

c
(iii) t y. y. 1m = A.. + (r-A..)o../t. for ever"u=1 1U Ju U 1J 11 ~J 1 '

i,j (1~i ,j~d).

Dually, if the block classes of T(~) form a P Di vj.sion of ~*, then:-

d
(iv) t ~ y .y .= m.m,.p.. + m.(k-p..)o.. for every

u=l u u~ UJ ~ J 11 ~ 1~ ~J

i,j (1~i,j~c);

d
(v) ~ B .Y .= m.p.. + (J<-p..)o.. for every i,j (l<i ,j<c);

u;i U1 UJ J 1J 11 1J --

d
(vi) t B .A .19~ = p.. + (k-p..)~../m. for every

1 Ul UJ U ~J 1~ ~J ~11= ' -

i,j (l~i,j~c).

~A~ere 0.. = the Kronecker Delta.
~JI 

..c """""'"""'" -
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Proof (i) Immediate from Le~~.a 2.1.4(ii).

(i.i) and (iii) folloT'? from (i), usj.ng R~sult 2.4.1(iii).

(iv) -(vi) are just the dual results of (i) -(iii). a

L~~ma 2.~.3 If T(2) is a tactical division of Q, and x,y are

two distinct blocks from the same hlock class of

T(D), then IX~JI > k-r+A, ftJith equalit" if and only if---
Ixnz! =Iynzl for every block z (z*x or y).

Proof Immediate from Theorem 2.2.6. ~
--

Theorem 2.~.4 Suppose T(D) is a tactical division of D. Then:----
(i) b+d ~ v+c;

(ii) The follo~!ing are equivalent:

(a) b+d = v+c (i.e. T(Q) is strong);

(b) The block classes of T(Q) form a point division

of ]2*;

(c) Ever" t~-ro distinct blocks from the same block.'

class of T(~) intersect in k-r+X points.

d c
Proof (i) Set S = r r S..y..
--i=1 j=1 J.] J.]

d
By Lemma 2.4.2 (ii), S = t (t.A+(r-A»)

i=1 1

= ).v + (r-A)d (by Lemma 2.1.1).

Pick x. E B. for everv j (1<j<c), and count triples (x'X J.,P)J -J J --

(\vhere PIx ,PIx. and xEB.) to obtain:
J -J

c
S =.r r Ixnxjl

J=1 xEB.
-J, 

,','"'
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c
Set p = C.t > Ixnxjl) !(b-c).

J=1 ~B.
-J

x:l:x.
J

So (k-p)c + pb = S.

So, using Corollar)1 1.1.2 (i), t,ve have:

(k-p)(b-C) = (r-A)(v-d). (*)

All the terms in (,~) are positive (si.nce Q is a design), and,

-.by Lemma 2.4.3, p ~ k-r+A. Hence b-c ~ v-d and (1) follo~~s.

(ii) (h) * (c) follow imme~iately from Lemma 2.4.3.

(a) <:> (c) : By (*), rJ+d = v+c if ann only j.f

p = k-r+A ., i. e. if and onl y if 'XlIX . 1 = k-r+A for every..J -

X E B. -{x.}. i.e. (b y Lemma 2.4.3) if and only if I, xnvl = k-r+A
-J J" -'

for every pair of distinct blocks x,y in the same block class

of T(D). "

R.emark Theorem 2.4.4 is essentially equivalent to Results

1.5.1 and 1.5.2.

Finally ~~e have a generalisation of a result of Shrikhande

and Raghavarao, [44J, on ;'G'-resolvable'! SRGD designs.

Theorem 2.4.5 If D admits a strong tactical division T(D)

t.yith point classes .E1,...,~ and block classes

B1 ,...,B ; then the follo~.ring are equivalent :-
--c

(i) f1"" ,fd is a semi-regular group division of Q;

(ii) ~1"" ,fd is a SRP Division of ~;

(iii) B1 ,...,B is a semi-regular group division of Q*;
--c

(iv) 81 ,...,8 is a SRP Division of D*.--c -
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~~ (ii) ~ (i) Immediate from Theore~ 2.3.5.

(i) ~ (iv) By Result 1.4.5 every block contains the same

number (= kId) of points from each point class, and clearly every

point class contains v/d points.

T(~) is a tactical decomposition and so, by Result 2.4.1(iii),

9'iYij = rnjBj.j for every i,j. Hence VYij/d = kmj/d, i.e.

Yi.j = kmj/v which is independent of the choice of i. (iv) then

follov.1s immediate l~, from Theorem 2. 2.1 (i) .

(iv) ~ (iii) and (iii) ~ (ii) follot1 by dual arg~~ents. n

.~s a corollary ~7e have:

Result 2.4.6 <Shrikhande and Ra,r;hovarao,r 44! ,Corollary§.1)

An a-resolvable SRGD design~, is affine C!-resolvable if and

only if h-c = v-d, (where c is the number of classes in the

~~-resolution ; ca=r).

Proof Recall from Section 1.5 that a design ~ is affine

a-resolvable if and only if Q* is SRGD, ~.nd an a,-resolution is

a tactical decomposition ~'lith one point class such that

Y1 .= cY. for every j.
]

If the classes of the group divisl.on of Q are E.1""~ and

the classes of the a-resolution are n1 ,...,8 , then Pi "" ,P d--c --

and ~1,...,13-c form a tactical decomposition T(.2.) of Q (using

Result 1.4.5). So b-c = v-d if and only if T(~) is strong (by

definition) if and only if 13-1".. '~c forms a P Division of Q*

(using Theorem 2.4.~) if and only if ~1'.'. ,13-c is a SRP Division

of Q* (by Theorem 2.2.1(i)), i.e. if and only if ~1'...'~ is a

semi-regular group division of Q (by the above theorem). n

Remark So Result 2.~.6 essentially states that (i) and (iii)

hold if and only if (i) and (iv) hold in Theorem 2.4.5.
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2.5 2-Designs I:.lith Di"isible D~a!s

To study 2-designs ~~1hose duals ad.mit P Divisions, we first

state:

Result 2.5.1 (Majumdar, [.~2]) If ~ is a 2-design and x,y are

t'i.']o distinct blocks of Q, then I Xlly I ~ k-r+A,

with equality if and only if IXi1Z1 = Iy"zi for every block

z(z*x or y).

r'1e no~r gi ve so~e definitions from Beker and Haemers, [7].

!f 12 is a 2-design and X,~7 are two blocks of Q, we define x '" y

if and only if x = y or Ixnyl = k-r+A. Then, by R.esult 2.5.1,

'" is an equivalence relation on the blocks of Q. The partition

of the blocks into equivalence classes is called a maxim~l

decomposition of Q, and any refinement of this partition is called

a decomposition of~. Also, if every class of a decomposition

contains the same number of blocks, then the decomposition is

s aid to be ~gu_~_~E.

It is straightforr,rard to verify that i.f D is a 2-design, then.-
B1 '. ..,B c is a P Division of D)~ if and only if B1 ,...,B is ac
decomposition of D, and. in this case B1 ,...,B is a CLP Division---c
of Q*. Such designs have been studied extensively in [7J.

r,ve call a 2-o.esign Quasi-symmetric if it has precisely tt~O

intersection numbers: P, p' , say (p<p').

hemma2.5.2 If 2 is a 2-design and A is an incidence matrix
'T'

for 1!., then A-'A has eigenvalues: rk, r-A and 0

with multiplicities 1, v-1 and b-v.

Proof Immedj.ate from Result 1.2.3(i) and Lemma 1.2.4. EX
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Using Lemmas 1.4.11 and 2.5.2 we immediately have:

Result 2.5.3 (Shrikhande and Bha~Tl~~jas, [45] ; Goethals and

Seidel, [~QJ~

The dual of a quasi-symmetric 2-design is a PBD(2); or,

equivalently, the block graphs are strongly regular.

~,~e no~~ reconsider Theorem 2.2.3 (5.i) .As mentioned above,

if D is a 2-design and D* admits a P Division B1 ,...,B , then
c

~1'. ..'~c is o. decomposition, and hence a CLP Division ~1i th

p = k-r+A.

Result 2.5.4- (Reker and Haemers, [7J) If P- is a 2-design

~d ~1'... '~c is a decomposition of~, then:-

m. = IB. I < b/(b-v+1); ~lith e q uality for every j
J -J-

if and only if B1 ,...,B .form a resolution of n.--c -

As a corollary we have :-

Corollary 1.5.5 If Q is a 2-design and ~1'...'~ is a

decomposition of Q with c = b-v+1, then ~1'...'~c forms a strong

resolution of D.

c c
Proof Consider I (b/(b-v+1)-m.) = b -I mJ.= 0j=1 J j=1 -

(since c = b-v+1). Rut every term on the L.H.S. is non-negative

bv Result 2.5.4 , and so m. = b/(b-v+1) for every j. qence, by
-J

Result 2.5. 4 ~1'... '~c forms a resolution of Q, T..rhich is strong

by definition. n

Using this corollary in conjunction with an earlier result

we no~1,7 have:
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Theorem 2.§.§ If !ii,... '.!J.c is a decomposition of a 2-design

Q, then v+c ~ b+i ~~ith equality if and only

if Bi ,...,B forms a strong resolution of D.--c -

Proof Immediate from Theorem 2.2.3Ci) and Corollary 2.5.5. ~

Remar~ This is a stronger result than a similar Theorem of

Beker and Haemers, [7J. They prove the same result with the

added assumption that ~i""'~c is ~egular.

Using this result in conjunction ~]ith Theorem 2.2.3Cii), we

have the following generalisation of a similar result for SRGD

designs.

Theorem 2:5.7 If fi""'~d is a CLP Division of ~ and

b+d = v+l, then ~* is a 2-Cb,r,k-r+A) design

and ~i"" '£\1 forms a strong resolution of Q*.

f£££f Q* is a 2-Cb,r,k-r+A) design by Theorem 2.2.3Cii), and

the Theorem follows by Theorem 2.5.6. ~

As an immediate corollary we have :-

Result 2.5.8 CSaEaf, r 37]) If ~ is SRGD and b = v-d+i then

.!2* is a 2-design.

Finally 'ole extend a result due to Beker and Haemers, [7].

In r 7}, Lemmas 5.2 and 5.3 establish the eq_uivalence of Ci) ,Cii),

(iii),(iv) below.

Theorem 2.5.9 If D is a Quasi-symmetric 2-design ~olith-
intersection numbers p, p' (p<p' ) ~ then the

following are equivalent :-

(i) ~ is strongly resolvable;

(ii) p = k-r+A;

""'.,"'~" ,..","'-" ,"","...,"','"
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(ii.i) p' = k2!v;

(iv) G(~,p) ~ r(c,m), for some c,m;

(v) .2* is Gl);

(vi) ]2* is SRGD;

(vii) 2* is SRPD;

(viii) D* admits a P Division ~1ith b+d = v+1.

~f (i) ~ (ii) Immediate from Results 1.5.3 and 2.5.1.

(ii) = (v) Consid.er the maximal decomposition B1 ,...,B of D.--c -

Clearly ~1'...'~c is a group division of Q*, 6Jld (\I) follows.

(i) ~(iii) Immediate from Results 1.5.3 and 2.5.1.

(iii) ~ (iv) By Lemma 1.2.10(i)

AT A = p' J + (k-p') I -(p' -p)T, ~yhere T is .an' a,dj acency

matrix of G(~,p). From Lemma 2.5.2 T has eigenvalues

°0 =(Ck-p') -(rk-bp')) !(p' -p); 81 = (k-p' )!(p' -~) and

°2 = (k-p') -(r-A)) !(p' -p). But p' = k2!v and so °0 = °1'

i.e. G(~,p) ~ rCc,m) by Result 1.2.8.

(iv) ~ (v) Trivial.

(v) ~ (vi) Label the points of D : P1 '...'P , and label the
-v

block classes of tne group division of ~* : ~1'... '~c. Then

suppose that P. is incident 1,yi th y.. blocks of B.. Lemma 2.1. '1
~:t 1.)-J

gi ,'es :-

C
Ak = p' I y. + (p-p' )y.. + (k-r+A-p)<S for everv i,jw=11.W J.J .

(1~i~v;1~j~c). By Result 2.5.1 p = k-r+A, and we have:

Ak = p'r + (p-p' )Yij (using Result 2.q..1)

c. ","""k""",,"""""""' ."","".,",,"'-""'.,",
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i.e. y.. = (p'r-Ak)/(poap), and so ever y point is incident1J ..

with the same number of blocks of each block class, and so, by

Result 1.4.5, ~* is SRGD.

(vi) ..~ (vii) Tri ',ial.

(vii) ~ (viii) Let f1,...,fd be the SRP Divj_sion of Q'~. By

Theorem 2.2.1(i), ~1'...'~ forms a resolution of Q, wh.ich is

strong by Theore~. 2. 4. 4 and hence b+d = ,,+1.

(viii) -(i) The P Division is a CLP Division

by ~esult 2.5.1 and (i) follows from Theorem 2.5.7. n

Remark 1. Thus all quasi-symmetric 2-designs with block graph

r(c,m) have been characterised. Goetha.ls and Seidel in {20]

obtain similar results for quasi-symmetric c.esigns with block

graphs the ladder graph and the complement of the ladder graph.

John [25J and Goethals and Seidel £201 have also shot~n that the

block graph of a quasi-symmetric design can never be the lattice

graph L2(n) or its complement.

Re~ark !. Theorems 2.5.6, 2.5.7 ~~d 2.5.9 provide nece9sary and

sufficient conditions for a design to be strongl'! resolvable.

Further results of this type are Result 1.5.3 ~_nd theorems of

Shrikhande a.nd Raghavarao, r 44J and Shah, r 39] .I

I 'clO""=


